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Non-Hermitian systems with parity-time symmetry have been developed rapidly and hold great
promise for future applications. Unlike most existing works considering the symmetry of the free
energy terms (e.g., gain-loss system), in this paper, we report that a realizable non-Hermitian
interaction between two quantum resonances can also have a real spectrum after the exceptional
point. That phenomenon is similar with that in the gain-loss system so that the non-Hermitian
interaction can be an excellent substitute for quantum gain. Such a non-Hermitian interaction can
be realized in designed optomechanics, and we find that its dynamics are in accordance with those
of normal gain system as expected. As examples, the phase transition near the exceptional point
and the induced chaos in weak nonlinear coupling are shown and analyzed for an intuitive visual.
Our results provide a platform for realizing parity-time symmetry devices and studying properties
of non-Hermitian quantum mechanics.
I. INTRODUCTION
Since Bender et al. noted that a non-Hermitian Hamil-
tonian can also have entirely real eigenenergies if the sys-
tem possesses a combined parity and time-reversal sym-
metry [1, 2], the studies of non-Hermitian systems with
such a parity-time symmetry (H 6= H†, [H,PT ] = 0) are
developing rapidly in recent years [3–8]. As an extension
of Hermitian quantum mechanics, besides its new prop-
erties in mathematics [9–13], the realizing and observing
of parity-time (PT )-symmetric non-Hermitian Hamilto-
nian with existing Hermitian system and technology is
also a popular topic in quantum optics. Until now,
two representative schemes have been discussed widely
as mature simulations of a system with PT -symmetric
non-Hermitian Hamiltonian. One of them regards the
waveguide as a quantum system [14, 15] and similar
ideas are also extended into atomic systems in recent
years [16, 17]. The transmission equation in waveg-
uides is a Schro¨dinger-type equation in which the refrac-
tive index corresponds to potential energy in a normal
Schro¨dinger equation. With appropriate refractive index,
the wave function of a PT -symmetric quantum system
can be observed by measuring the optical distribution
in the waveguide. Another scheme consider two coupled
open quantum resonances with balanced gain and loss
[3, 4, 8, 18–23]. Compared to the first scheme, gain-loss
system does not need other physical quantities to simu-
late system wave function so that it is also applied widely
to enhance quantum information processing, such as op-
tics transmissions [24–26], topological state preparations
[20, 21, 27–29], producing phonon laser [19], and so on.
With the rapidly developing and future applications
of gain-loss PT -symmetric systems, a defect is gradu-
ally exposed, that is, gain is not a spontaneous concept
in traditional quantum mechanics [30–32]. For a single
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gain system, the non-Hermitian corresponds to a non-
conservation probability so that it is strict only in the
semi-classical level. The application of PT -symmetric
system has been restricted seriously in the quantum
regime because most previous works ignored the extra
noises caused by gain [18, 20, 21, 26, 33–36]. Unfortu-
nately, existing experimental technique for gain, for ex-
ample ion doping, is hard to find corresponding complete
quantum description.
The aim of this work is to address this problem,
in particular, we consider a non-Hermitian interaction
[13, 37, 38] between two quantum resonances. By diago-
nalization of effective Hamiltonian, we find that the cor-
responding system energy spectrum is similar with that
in gain-loss PT -symmetric system [39]. The energy spec-
trum can be real even though the system corresponds
to a non-Hermitian effective Hamiltonian. Moreover,
there exists an exceptional point (EP) and the degen-
erate real parts (splitting imaginary part) of the spec-
trum will become splitting (degenerate) once some key
parameters pass the EP [39]. In gain-loss PT -symmetric
system, the EP is a dividing line of PT SP and PT BP.
In fact, the most exciting highlight of PT -symmetric sys-
tem is the presence of EP and around it a series of fas-
cinating phenomena exist, such as PT phase transitions
[39, 40, 42, 43], induced chaoses [18, 44] and so on. The
moral is that our non-Hermitian system can be good re-
placement for PT -symmetric system and it can avoid
introducing any gains into the system.
For discussing and observing dynamic properties of the
non-Hermitian interaction, we also design a scheme to re-
alize it in optomechanical systems. With this platform,
the dynamic behaviors caused by non-Hermitian interac-
tion are compared with those of gain-loss PT -symmetric
system. Based on our simulation results, it can be found
that some characteristics of gain system, for example
phase transition near the EP and gain induced chaos, can
also appear with the help of non-Hermitian interaction.
We organize this paper as follows: in Sec. II, we
analyze the energy spectrum of the system with non-
2Hermitian interaction. In Sec. III, we propose a fea-
sible scheme to realize the ideal model in Sec. II. In
Sec. IV, we present the dynamic properties caused by
the non-Hermitian interaction, including the phase tran-
sition near the EP of a linear system in Sec. IVA and
induced chaos in nonlinear system in Sec. IVB. Finally,
a feasibility analysis and a summary are given in Sec. V.
II. ENERGY SPECTRUM OF SYSTEM WITH
NON-HERMITIAN INTERACTION
We firstly consider a normal Hermitian Hamiltonian
with a beam splitter (BS) energy transformation between
two quantum oscillators:
H = ωcc
†c+ ωdd
†d+ µc†d+ µ∗d†c. (1)
The Heisenberg equations corresponding to this system
are
c˙ = −iωcc− iµd
d˙ = −iωdd− iµ∗c,
(2)
and they can be rewritten in a compact matrix form as
i ˙|ψ〉 = Heff|ψ〉 [40], which is a Schro¨dinger-like equation
with |ψ〉 = (c, d)T and the effective Hamiltonian
Heff =
(
ωc µ
µ∗ ωd
)
. (3)
It is apparent that Heff is Hermitian and owns real spec-
trum. Once ωc = ωd = ω, its energy spectra exhibit a
normal mode splitting as shown in Fig. 1(a) and (c), and
there are no effective gain and dissipation in this system.
The Hermiticity of the quantum mechanics ensures
that the nondiagonal elements of the effective Hamil-
tonian should be conjugated. However, if we consider
the coupling intensities between the two systems are
asymmetrical, for example there is a constant deviation
between two nondiagonal elements, then the effective
Hamiltonian becomes:
Heff =
(
ω iλ
−i(λ− ǫ) ω
)
. (4)
where λ, ǫ ∈ R. The nondiagonal elements iλ and −iλ
in Eq. (4) can be obtained by setting µ = iλ in Eq. (3)
and the whole Hamiltonian will be Hermitian if and only
if ǫ = 0. The energy spectra of Eq. (4) are
E± = ω ±
√
λ2 − ǫλ, (5)
and one can see intuitively that there exists an excep-
tional point (EP) at λ = ǫ. Once λ ≥ ǫ, the second term
will have no contribution to the imaginary parts of the
eigenvalues and E± are still real even though Heff is no
longer Hermitian. Correspondingly, λ < ǫ makes the real
parts of eigenvalues degenerate but the imaginary parts
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FIG. 1. Energy spectra of non-Hermitian interaction system
((a)-(d)) and gain-loss PT -symmetric system ((e) and (f)).
The red dotted lines in (a) and (c) are the normal mode split-
ting corresponding to Hermitian interaction. The blue areas
in (e) and (f) correspond to PT BP and white areas are PT SP.
Here ω = 1 are set as an unit and the other parameters are
ǫ = 0.01 in (a, c), λ = 0.02 in (b, d) and κ = 0.01 in (e, f).
be different. Note that E+ can be greater than 0 even
though there is no additional gain in the system. In Fig.
1(a)-(d), we plot E± with varied λ (ǫ) but fixed ω and ǫ
(λ) to show the different spectra before and after EP.
We note that this phenomenon is similar to that pre-
sented by a PT -symmetric system with non-Hermitian
diagonal terms corresponding to gain and dissipation,
respectively. The non-Hermitian Hamiltonian of such a
system is [18]
H =
(
ω + i
κ
2
)
c†c+
(
ω − iκ
2
)
d†d+ µ(c†d+ d†c), (6)
with energy spectra E′± = ω±
√
µ2 − κ2/4 and the corre-
sponding EP is µ = κ/2. It determines whether the cou-
pling between two resonances is strong enough to transfer
the gained energy to the dissipate resonance and to elim-
inate the effective dissipation [18, 39, 40]. As contrast,
we also plot E′± in Fig. 1(e) and (f) to show the sim-
ilar degeneracy and bifurcation of the two cases. Such
a similar spectrum allows us to expect the system can
have similar dynamics with PT -symmetric system, and
we will discuss its corresponding dynamics in the follow-
ing sections.
At the end of this part, the existence of multiple ex-
ceptional points [41] is clarified finally with the increasing
cavity number N . The effective Hamiltonian for a one-
dimensional coupled oscillator-chain with asymmetrical
30 0.1 0.2
-0.1
0
0.1
0 0.1 0.2
-0.1
0
0.1
0 0.1 0.2
-0.1
0
0.1
0 0.1 0.2
-0.1
0
0.1
FIG. 2. Imaginary parts of energy spectra corresponding
to N = 4 (a)-(c) and N = 6 (d). In (a), (b) and (c),
(ω, ǫ1, ǫ2, ǫ3) are set as (1, 0.05, 0.05, 0.05), (1, 0.05, 0.05, 0.04)
and (1, 0.05, 0.06, 0.04), respectively. In (d), (ω, ǫ1, ..., ǫ5) =
(1, 0.05, 0.06, 0.04, 0.07, 0.01).
interactions is
Heff =


ω iλ 0 0 ... 0
−iυ1 ω iλ 0 ... 0
0 −iυ2 ω iλ ... 0
... ... .... ... ... ...
0 0 0 ... −iυN−1 ω

 , (7)
with υi = λ − ǫi. It is perceivable that the spectra and
supermodes of the matrix have regular patterns with the
increase of the cavity number N . We plot their perfor-
mances in Fig. 2 and they always appear in pairs of
opposite signs. Once ǫi are unequal to each other, cor-
responding exceptional points loss their degeneracy and
multiple exceptional point phenomenon appears. There-
fore the dynamics across the different exceptional points
can also observed in our model.
III. NON-HERMITIAN INTERACTION IN AN
OPTOMECHANICAL SYSTEM
Now we firstly consider how to realize non-Hermitian
interaction in an actual physics system. The key issue of
this aim is to get a unidirectional coupling between two
systems, which is forbidden in general closed quantum
systems. However, for open quantum systems, the leak-
age information from one system can be thought as an
input of another system [45, 46]. Under the Markovian
approximation, this process can be regarded as a non-
Hermitian interaction and this scheme has been applied
in QIP [47–52].
The above non-Hermitian interaction is induced by the
cavity leakage, so that the corresponding effective Hamil-
tonian will contain non-Hermitian dissipation terms, in-
evitably. In order to eliminate it, spontaneous gain in
the system is also necessary for a perfect realization of
Hamiltonian Eq. (4). In optomechanics, the spontaneous
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FIG. 3. (a): A schematic illustration of an optomechanics. On
the right is the level diagram of the linearized Hamiltonian,
and |m,n〉 denotes the state of m photons and n phonons in
the displaced frame. (b): The realization of a non-Hermitian
interaction in optomechanics. The green line denotes a BS
interaction with tunneling strength λ and the blue line refers
to an unidirectional fiber.
gain is relatively simple to implement. Because the ra-
diation pressure interaction HI = −g0a†a(b† + b) is un-
changed under the frame rotation U = exp(−iωDa†at)
[53, 54], one can choose to heat or cool system by adjust-
ing appropriate detuning before a linearization [55, 56].
Therefore, optomechanics are selected as the platform of
our scheme.
As shown in Fig. 3(a), such a normal optomechanical
system can be linearized under strong driving condition
and the weak coupling regime (E/ωm ≫ 1, g/κ ≪ 1)
[54]. We note that there is an optical heating mechanism
with blue detuning and larger oscillator dissipation (ωd >
ωc, γm ≫ κ), that is, the linearized coupling between
optical mode and mechanical mode stimulates the system
from |m,n〉 to |m + 1, n + 1〉, and the latter will lose a
phonon and decay to |m+1, n〉. These two processes are
equivalent to heat the optical mode (|m〉 → |m+1〉) after
eliminating the mechanical mode (orange arrow in Fig.
3(a)), and it can balance normal cavity dissipation effect
that decays the cavity field from |m+ 1〉 to |m〉.
Now we discuss the details in mathematics. After a ro-
tating wave approximation (RWA), the linearized Hamil-
tonian
H ′l = −∆a†a+ ωmb†b + (G∗a† +Ga)(b† + b). (8)
corresponding to an optomechanical system with blue de-
tuning can be simplified as [53]:
Hl = −∆a†a+ ωmb†b+G∗a†b† +Gab. (9)
and the total Hamiltonian of the system shown in Fig.
43(b) is
H =
∑
j=1,2
(
−∆ja†jaj + ωmb†jbj +G∗a†jb†j +Gajbj
)
+ iλa†1a2 − iλa1a†2.
(10)
The dynamics of the system including dissipation and de-
coherence effects can then be described with the following
quantum Langevin equations [57]:
a˙j =
(
i∆j − κ
2
)
aj − iG∗b†j − (−1)jλa3−j +
√
κainj
b˙j =
(
−iωm − γm
2
)
bj − iG∗a†j +
√
γmb
in
j .
(11)
In addition to the interaction term iλa†1a2− iλa1a†2, here
we also consider an unidirectional coupling between the
cavities, that is, the output field of the first cavity consti-
tutes the input for the second cavity with an appropriate
time delay. However, the first cavity is decoupled from
the second one, which implies that the input and output
operators should satisfy: aoutj (t) =
√
κaj(t)− ainj (t) and
ain2 (t) = a
out
1 (t− τ) with constant τ relating to retarda-
tion in the propagation between the mirrors [46, 52]. The
input-output relation can be rewritten as
ain2 (t) =
√
κa1(t− τ)− ain1 (t− τ). (12)
Note that ain1 is the vacuum input with 〈ain1 〉 = 0 [58],
so we have a set of differential equations by taking the
mean values of all the operators into Eq. (11):
α˙1 =
(
i∆1 − κ
2
)
α1 − iG∗β∗1 + λα2
β˙1 =
(
−iωm − γm
2
)
β1 − iG∗α∗1
α˙2 =
(
i∆2 − κ
2
)
α2 − iG∗β∗2 − λα1 + κα1
β˙2 =
(
−iωm − γm
2
)
β2 − iG∗α∗2.
(13)
In this expression, αj = 〈aj〉, βj = 〈bj〉 and the short
fiber approximation is applied so that τ → 0 [46].
After eliminating the oscillator modes under the pa-
rameter conditions ωm − ∆j ≫ |G|, αj(0) ≫ βj(0) and
γm ≫ κ [59, 60], the remainder of the differential equa-
tions are:
α˙1 =
(
i∆eff1 − Γ
2
)
α1 + λα2
α˙2 =
(
i∆eff2 − Γ
2
)
α2 − λα1 + κα1,
(14)
with the effective frequency
∆effj = ∆j − 4(∆j − ωm)|G|
2
4(∆j − ωm)2 + γ2m
, (15)
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FIG. 4. (a) and (b): Evolutions of α1 and α2 based on ac-
curacy Langevin equations (blue dotted lines) and effective
Langevin equations (red solid lines). (c): Errors between two
results, here, the blue dotted line denotes the error of α1 and
red solid line is the error of α2. In simulations of (a) and
(b), we set ∆j = 1, ωm = 1.05, G = 0.015, κ = 0.0015,
λ = 2κ = 0.003, γm = 0.584 so that Γ ≃ 2.8 × 10
−6 ≃ 0,
αj(0) = 100 and αj(0)/βj(0) = 20 ≫ 1. In (c), the main
figure is λ = 0.8κ = 0.0012 and the inset is λ = 2κ = 0.003.
and dissipation
Γ = κ− 4γm|G|
2
4(∆j − ωm)2 + γ2m
. (16)
The effective dissipation can be balanced completely
(Γ = 0) with |G|2 = κ[4(∆j − ωm)2 + γ2m]/4γm. Sub-
stituting it to effective frequency, we have:
∆effj = ∆j − κ(∆j − ωm)
γm
, (17)
and finally we can obtain
α˙1 = i∆eff1α1 + λα2
α˙2 = i∆eff2α2 − (λ − κ)α1, (18)
to simulate Eq. (4). Note that there is a sign difference
between the eigenfrequencies of Eq. (4) and Eq. (18), on
the other words, Eq. (18) can be obtained by setting ω
with negative value. But this difference does not affect
the phase transition and EP caused by non-Hermitian
interactions.
In Fig. 4(a) and (b), we show the contrasts between the
accuracy Langevin equations (13) and effective Langevin
5equations (14) and it can be known that both dynamic
equations exhibit the consistent evolutions under our ap-
proximate condition. For a more quantitative expression,
in Fig. 4(c), we calculate the error |αj − α′j | to show the
approximation validity [61]. Here, the parameters are set
as λ = 0.8κ (main figure) and λ = 2κ (inset figure), cor-
responding to before and after the EP, respectively. It
illustrates the errors corresponding to the two cases are
both smaller than 2, that is, a 2/% error compared to
the initial state even in the long-time regime. Therefore,
we think the approximation is tenable and we will utilize
Eq. (18) directly in the following discussions.
In addition to the non-Hermitian Hamiltonian, we also
want to emphasize here that all the quantum properties
of the system, such as fluctuation and non-local correla-
tion, can also be obtained because we already have the
quantum Langevin equations (11). In especial, the co-
variance matrix can be calculated easily by using of coeffi-
cient matrix [62] or stochastic Langevin equation method
[64] once the system state is restricted in the form of
Gaussian. Moreover, such a system can also be solved
in Schro¨dinger picture with a strictly derived Markovian
quantum master equation [65].
IV. SYSTEM DYNAMICS WITH
NON-HERMITIAN INTERACTION
To investigate the different dynamical behaviors before
and after the EP, we will consider two different mod-
els corresponding respectively to two linear coupled res-
onators with and without nonlineared Hamiltonians to
compare the non-Hermitian system and normal gain-loss
system with PT -symmetry or broken PT - symmetry.
A. Phase transition before and after EP
As given in Ref. [40], the energy transition between
PT SP and PT BP is always a key feature to distinguish
the two dynamical phases. Therefore, we first consider
two pure linear oscillation systems or optical fields whose
dynamics should obey Eq. (14) once there exists non-
Hermitian interaction. First of all, we simulate the dy-
namical behavior of the two fields by solving Eq. (14)
numerically with the parameters ∆eff1,2 = 1 and Γ = 0
and the results are shown in Fig. 5. What needs to be
explained is that the parameters mentioned above can
be always satisfied by adjusting original parameters with
the relation in Eq. (16).
Through comparison we find that both the amplitudes
of two fields present significant increase when λ = 0.8κ <
κ, that is, before the EP. Contrarily, the energies of the
two fields will take on periodic exchange between each
other once λ passes the EP (λ = 2κ), and both two am-
plitudes are confined to limited boundaries rather than
continuous exponential amplifications like Fig. 5(a). In
Fig. 6, we plot amplitudes of two cavity fields for a
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FIG. 5. Dynamical behaviors of the two fields. Blue (red)
lines denote the evolutions of Re(α1) (Re(α2)). (a) and (b)
correspond to λ before and after the EP, that is, λ = 0.8κ =
0.0012 and λ = 2κ = 0.003 with κ = 0.0015. Here we set
∆eff1,2 = 1, Γ = 0 and the other parameters are the same
with those in Fig. 4.
more intuitive description. Besides, as shown in insets
on the bottom of Fig. 6, one can observe that the two
fields are phase synchronization [63] when λ < κ, con-
trarily, there has a synchronization anti-synchronization
crossover once λ passes the EP.
In mathematics, the above characteristics are obvious
according to the analytic solutions of the cavity fields:
α1 =
(e−iE+t + e−iE−t)
2
c1 +
iζ(e−iE+t − e−iE−t)
2
c2
α2 =
−i(e−iE+t − e−iE−t)
2ζ
c1 +
(e−iE+t + e−iE−t)
2
c2,
(19)
where c1 = α1(0), c2 = α2(0), ζ =
√
λ/
√
λ− κ and
E± = −∆ ±
√
λ(λ− κ) under the definition ∆eff1,2 =
∆. These solutions can be solved with the help of the
energy spectrum, then the biorthogonal basis [66, 67] of
the effective Hamiltonian can be gained as:
|φ1〉 =
(
i
√
λ(λ−κ)
λ−κ
1
)
, |φ2〉 =
(
−i
√
λ(λ−κ)
λ−κ
1
)
, (20)
and
〈ψ1| =
(
−i
√
λ(λ−κ)
λ
, 1
)
, 〈ψ2| =
(
i
√
λ(λ−κ)
λ
, 1
)
,
(21)
under the number-basis |1〉 = (1, 0)T and |2〉 = (0, 1)T ,
and one can verify easily that they satisfy the biorthog-
onal relations
〈ψi|φj〉 = 2δij , (22)
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FIG. 6. (a,b,c): Evolutions of |α1| and |α2|. (d): Pearson’s
factors of Re(α1) and Re (α2). Here, (a), the inset in (c) and
the red dash line in (d) correspond to the case λ before the
EP, respectively. (b), main figure in (c) and blue solid line in
(d) are the case λ after the EP. The parameters of (a)-(d) are
the same with those in Fig. 5 except for Γ = 0.001 in (c). In
(d), the time window is set as ∆t = 10.
and generalized completeness relations [40, 67]
∑
i
|φi〉〈ψi|
〈ψi|φi〉 = I2×2. (23)
Then the initial state |Ψ(0)〉 =∑n cn|n〉 can be rewritten
in the biorthogonal basis, and we have:
|Ψ(t)〉 = e−iHefft|Ψ(0)〉
= e−iHefft
∑
n
cn
∑
i
|φi〉〈ψi|
〈ψi|φi〉 |n〉
=
∑
n
∑
i
cn〈ψi|n〉
〈ψi|φi〉 e
−iEit|φi〉,
(24)
where E1 = E+ and E2 = E−. Eq. (19) can be obtained
by α1(t) = 〈1|Ψ(t)〉 and α2(t) = 〈2|Ψ(t)〉.
Physically, when λ is before the EP, the supermode
having positive imaginary part eigenvalue (see the spec-
trum in Fig. 1) is just equal to getting a gain so that the
system finally shows increasing amplitude. If λ passes
the EP, the degenerate zeroed effective decay rates make
the energy of the system be limited in definite bound-
aries. Moreover, the fields become two beat-frequency
fields because the two supermodes present a mode split-
ting in their real parts, and the BS interaction controls
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FIG. 7. Schematic illustration of optomechanics for realizing
non-Hermitian interaction induced chaos. Two optomechan-
ics are coupled by the asymmetrical coupling. The second
cavity (right one) has effective frequency and cavity dissipa-
tion because its oscillator is eliminated.
them to be synchronous or anti-synchronous. In Fig.
6(d), the synchronization is measured by Pearson’s fac-
tor [64, 65, 68]
Cf,g(t,∆t) = δfδg√
δf2 × δg2
, (25)
from which the synchronization and anti-synchronization
correspond to 1 and −1 and this crossover can be shown.
We want to emphasize here that both the increasing
amplitudes and beat-frequency energy exchange perform
the same dynamic behaviors corresponding to PT BP and
PT SP in a gain-loss PT -symmetric system. Moreover,
the inset of Fig. 6(c) shows that amplitude of a cavity
field increases with an initial decrease once the cavity dis-
sipations are not balanced perfectly. This is also accord
with the characteristics of gain-loss system [40]. Because
all the properties are possessed, in this linear model, the
non-Hermitian interaction Hamiltonian can do a perfect
replacement for PT -symmetric system even though we
do not add any extra gain into the system.
B. Non-Hermitian interaction induced Chaos
In recent years, gain-loss PT -symmetric systems have
also been applied in nonlinear systems of quantum op-
tics. For examples, Ref. [33] has proved that the gain
can enhance nonlinear coupling of a cavity-QED system
and Lu¨ et al. noticed that PT BP can even induce chaos,
a strong nonlinear effect in optomechanics [18]. As a con-
trast, here we also discuss the chaos phenomenon induced
by the non-Hermitian interaction.
We consider two optomechanics coupled by the asym-
metrical coupling discussed above, as shown in Fig. 7.
The first optomechanics consists of a oscillator whose
eigenfrequency and decay are ωcm and γ respectively, and
it couples the cavity field with single-photon coupling in-
tensity g0. The oscillator of the second optomechanics
(right one) has been eliminated after linearization. The
effective semi-classical Langevin equations corresponding
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FIG. 8. Periodic (a,b) and chaotic (c,d) evolutions of Re(α1)
and their corresponding phase diagrams. In our simula-
tions, (a, b) and (c, d) are the cases of Hermitian and non-
Hermitian interaction respectively, that is, the last term in
the last equation of Eq. (26) is non-existent or existent.
Here ωcm = 1 is adopted as an unit and other parame-
ters are g0 = 0.01, κc = 0.2, E = 2, ∆c = ∆ceff = 1,
κceff = 0, γ = 0.038/46 ∼ 8.2609 × 10
−4, λc = κc/2 = 0.1,
α2(0)/α1(0) = 10 with α2(0) = 100 and q(0) = p(0) = 0.
to this system are:
q˙ = ωcmp
p˙ = −ωcmq − γp+ g0|α1|2
α˙1 =
(
i∆c − κc
2
)
α1 + ig0α1q + E + λcα2
α˙2 =
(
i∆ceff − κceff
2
)
α2 − λcα1 + κcα1,
(26)
where ∆ceff and κceff are adjustable effective frequency
and cavity dissipation after eliminating the large detun-
ing oscillator in the second cavity. Since the lineariza-
tion has been applied on the second cavity, it requires
α2(0)≫ α1(0).
As reported in previous works, chaos will not appear
in weak driving and nonlinear coupling regime. This con-
clusion is still valid in our model. In Fig. 8(a) and (b),
we show that α1 always maintains a stable periodic os-
cillation and evolves eventually to a limit cycle whose
radius is small due to the weak driving. As contrast, the
random-like evolution will appear in this system once the
asymmetrical coupling exists, shown in Fig. 8(c) and cor-
responding phase diagram is illustrated in (d) [63]. The
physical mechanism of such a chaos behavior in weak
driving and coupling is similar with gain induced chaos
in Ref. [18], that is, imaginary part of one eigenfrequency
is positive (point A in Fig. 9(a)), so that the variables
of the system are amplified and the effective nonlinear
coupling strength is enhanced indirectly. Therefore, as
shown in Fig. 9(b), the chaos will not appear once κc
passes the EP, which leads imaginary parts of eigenfre-
quency to be degenerate and become negative (point B in
Fig. 9(a)). We also explain that the spontaneous heating
mechanism, in order to make κceff < κc, is necessary for
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FIG. 9. (a): Energy spectra of two cavities after ignoring
optomechanical coupling (g0 = 0). The solid line denotes the
case κceff = 0 and the dashed line means the case κceff = κc.
(b, c): Evolutions of Re(α1) and their corresponding phase
diagrams while λ passes the EP (λc = 0.25, κceff = 0) and
there is no heating mechanism (κceff = κc, λc = 0.1). (d):
Chaoses with different initial states (blue: α1 = 10, red: α1 =
10.5). The other parameters are the same with those in Fig.
8.
the induced chaos. Because the asymmetrical coupling
is established through the cavity leakage in our model,
κceff = κc will lead the corresponding intrinsic energy to
E±(λc) = −∆ceff − iκc
2
±
√
λc(λc − κc). (27)
Then Im(E+)max = 0 with λc = κc/2 is obvious, as the
dash line in Fig. 9(a), meaning that imaginary parts of
eigenfrequencies are always non-positive. In Fig. 9(c), we
show that the system returns back to the periodic evolu-
tion once κceff = κc although λc is set the same with that
in Fig. 8(c) (point C in Fig. 9(a)). Finally, by plotting
the evolutions of Re(α1) and |α1| in Fig. 9(d), we illus-
trate that the chaos is the sensitive dependence on the
initial state, which is a key feature of chaotic evolutions
[69, 70]
V. DISCUSSION AND CONCLUSION
In summary, we have found that a non-Hermitian inter-
action can also induce system to present a real spectrum.
As an example, we have considered two quantum reso-
nances with a non-Hermitian interaction and the spec-
trum analyses show that there exists an EP, and the
degenerate real parts (splitting imaginary part) of the
spectrum will become splitting (degenerate) once some
key parameters pass EP. This phenomenon is similar with
that in gain-loss system, that is, an EP separates param-
eter interval into PT BP and PT SP. The non-Hermitian
interaction considered is feasible with existing mature
8quantum optical devices. As a platform, we have also de-
signed an optomechanical system to realize and observe
dynamic properties of the non-Hermitian interaction. In
particular, phase transition near the EP and gain induced
chaos have been discussed. The results indicate that our
non-Hermitian system can be an excellent replacement
for PT -symmetric system and it can avoid introducing
any gains into the system. The interpretation of non-
Hermitian interaction provide a platform for realizing
parity-time symmetry devices and studying properties of
non-Hermitian quantum mechanics.
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Appendix A: Derivation of eliminating oscillator
modes
With the accuracy Langevin equations of system mean
values in the main text, a set of zeroth order solutions of
optical modes can be obtained as
αj(t) ≃ αj(0) exp[(i∆j − κ
2
)t], (A1)
by neglecting all the interaction terms in weak coupling
regime λ, G, κ ≪ ∆j . Moreover, the form solutions of
the oscillator modes are:
βj(t) =βj(0) exp[(−iωm − γm
2
)t] +
∫ t
0
dτ [−iG∗α∗j (τ)] exp[(−iωm −
γm
2
)(t− τ)]. (A2)
Substituting Eq. (A1) into Eq. (A2) and finishing the integration in it, we have:
βj(t) =βj(0) exp[(−iωm − γm
2
)t] +
2iG∗α∗j (0) exp[(−i∆j −
κ
2
)t]
2i(∆j − ωm)− (γm − κ) .
(A3)
In this expression, the integral lower bound is ignored. Under the conditions ωm − ∆j ≫ |G|, αj(0) ≫ βj(0) and
γm ≫ κ, the first term in above expression is a small quantity with high frequency and it will decay rapidly. By
neglecting the first term, Eq. (A3) becomes β∗j (t) ≃ 2iGαj(t)2i(∆j−ωm)+γm , and we have:
α˙1 =
(
i∆1 − κ
2
)
α1 +
2|G|2α1
2i(∆1 − ωm) + γm + λα2
α˙2 =
(
i∆2 − κ
2
)
α2 +
2|G|2α2
2i(∆2 − ωm) + γm − λα1 + κα1,
(A4)
and it can be further simplified as
α˙1 =
[
i
(
∆1 − 4|G|
2(∆1 − ωm)
4(∆1 − ωm)2 + γ2m
)
− 1
2
(
κ− 4γm|G|
2
4(∆1 − ωm)2 + γ2m
)]
α1 + λα2
α˙2 =
[
i
(
∆2 − 4|G|
2(∆2 − ωm)
4(∆2 − ωm)2 + γ2m
)
− 1
2
(
κ− 4γm|G|
2
4(∆2 − ωm)2 + γ2m
)]
α2 − λα1 + κα1.
(A5)
Eq. (A5) is exactly the same with the Eq. (14) in the main text.
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